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Abstract

We show that if an appropriate stopping rule is used to determine the sample size when es-
timating the parameters in a stationary and ergodic threshold AR(1) model, then the sequential
least-squares estimator is asymptotically risk efficient. The stopping rule is also shown to be
asymptotically efficient. Furthermore, non-linear renewal theory is used to obtain the limit distri-
bution of appropriately normalized stopping rule and a second-order expansion for the expected
sample size. A central result here is the rate of decay of lower-tail probability of average of
stationary, geometrically f-mixing sequences. (© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The idea (due to Robbins, 1959) of using stopping rules to determine precisely the
right sample size needed to construct a point estimator has been used extensively in the
literature. For the independent and identically distributed (i.i.d.) setup, theoretical per-
formance of sequential point estimators has been studied in detail and these are lucidly
described in Woodroofe (1982), Martinsek (1983), and Ghosh et al. (1997). In the last
decade, this intuitive idea has been extended to models with dependent data, such as
linear time series and branching processes. See, for instance, Sriram (1987,1988) and
Sriram et al. (1991) for sequential estimation problems arising in autoregressive (AR)
model of order 1 and branching processes, respectively, and Fakhre-Zakeri and Lee
(1992,1993) and Lee (1994,1996) for extension of Sriram’s results to AR(p) models
and linear processes.

It is now natural to ask whether sequential methods can be extended to estimation
problems arising in nonlinear time series models. Recently, Sriram (1998) proposed a
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stopping rule to construct a sequential fixed-size confidence ellipsoid for the parame-
ters in threshold autoregressive (TAR) models. The purpose of this paper, however, is
to construct a point estimator based on a stopping rule for the estimation of param-
eters in TAR models. Asymptotic properties of these sequential procedures are then
studied.

Sequential point estimation problems generally require a study of growth rate of
mean-squared error (MSE) of estimators. Since the estimators involved in time-series
setup are usually of ratio-type, in order to obtain the growth rate of MSE, one needs
to the study the rate of convergence of lower-tail probability of the denominator vari-
ables. In his work, Lee (1994) used the linearity of AR(p) time series (among other
things) crucially to obtain such lower-tail probability rates. Unfortunately, since TAR
models are nonlinear, we cannot duplicate the techniques from Lee (1994). We adopt
alternative methods of obtaining such lower-tail probability rates (see Proposition 2.1
and Lemma 2.2 below) and thus obtain a rate for MSE. We believe that the techniques
adopted here will be useful more generally.

Threshold models, introduced by Tong (1978a,b), are generally agreed to be useful
in modeling discrete time series that exhibit piece-wise linearity. In fact, Tong and
Lim (1980) provide many examples where TAR models not only provide a better
fit than linear models but also exhibit strictly nonlinear behavior (e.g., limit cycles,
jump resonance, harmonic distortion, etc.) which linear models cannot duplicate. For
a comprehensive study of threshold models and other nonlinear models, see Tong
(1983,1990).

A TAR (1) process {X;} is defined by

X, =0 X" +0,X" & i=1,..n, (1.1)

where 0= (0, 0,) are real parameters not necessarily equal, {¢;} is a sequence of i.i.d.
random variables (r.v.’s), and x™ = max(x,0) and x~ = min(x,0) for a real number
x. Throughout it is assumed that E¢; = 0 < E¢? = ¢ < oo where ¢?
constant and the distribution of ¢; is unspecified.

It has been shown in Petruccelli and Woolford (1984) that the process {X;; >0}
defined in (1.1) is ergodic if and only if

is an unknown

06@—{(2):91<1,92<1,9102<1}. (1.2)
This implies the existence of an invariant probability distribution for {X;}. We shall as-
sume that the initial random variable X has its distribution 7(-) the invariant probability
distribution of the Markov chain {X;} so that the process {X;} is strictly stationary.
Also, we note from Chan et al. (1985) that E|e;|[* < oo for some integer k=1 implies
that E|X,|¥ < oo for each 0 € ©.

We are interested in the problem of point estimation of the parameters 6, and 0,
in (1.1). Suppose we estimate the parameters 6, and 60, in (1.1) by their least-squares
estimators

n n
010= XX*, /ZX,*% (13)
i=1 i=1
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and

Or.n = En:XfX,Zl /zn:)(i% (1.4)
i=1 i=1

subject to the loss function

L,=An""(0, — 0)T,(0, — 0)+n, (1.5)
where 0, = gi) and I, = diag(31_, X 2,577 X,73) is a diagonal matrix. In (1.5),

A(>0) reflects the importance of quadratic error relative to sampling cost which is
assumed to be one unit per observation. Our objective here is to minimize the risk in
estimation by choosing an appropriate sample size.
From Theorem 3.2 of Petruccelli and Woolford (1984) it follows that
o 20, — 0)YT,0,—0)> 2 asn— oo, (1.6)

where y3 is a chi-square random variable with two degrees of freedom. Suppose for
the moment that the sequence
{0, = (én — 0)’Fn(én — 0); n=2} is uniformly integrable (u.i.). (1.7)

The result in (1.7), incidentally, is established in Proposition 2.1 below under certain
moment conditions. Now, (1.6) together with (1.7) yields

R,=EL,=2n"46* +n+o(n~') asn— oo. (1.8)
It can then be shown that the risk R, is approximately minimized by

ny(4) ~ (24)"%c (1.9)
with the corresponding minimum risk

Rty = 2(24) 6. (1.10)

However, when ¢ is unknown, n9(4) cannot be used in practice and there is no fixed
sample size that will achieve the minimum risk (1.10).

To overcome this, we replace the unknown ¢ by its least-squares estimator 6'%
defined by

n
Gr=n"" (X — 01, X7 — 000X (L11)
i=1

Now, we mimick the nature of ny(4) and define a stopping rule 74 by
Ty=inf{n=ny: n>24)"%6,}, (1.12)

where n,4 is an initial sample size possibly depending on A. The aim here is to assess
the performance of the stopping rule 7,4, ET,, and the risk of the sequential procedure
R4, =ELy, as the penalty 4 — oo. The following results are established.

Theorem 1. Suppose that E|e||*? < oo for p>2 and 0 € O defined in (1.2). Let
the initial sample size ny be such that A0+ <ny =o0(4'?) with n € (0,(p —2)/2).
Then, as A — oo

Ta/no(4) — 1 as., (1.13)
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E|Tu/no(4) — 1] — 0 (1.14)

Ru/Rpyay — 1. (1.15)
Theorem 2. If E|e;|* < 0o and in addition ny = o(A"?), then

[Ty — (24)26]/v/(24) 26 2 N(0,a?), (1.16)

where o = (1/4)Var(e}/c*). Furthermore, under the conditions of Theorem 1, if the
distribution of &€ is nonarithmetic then

ET; — 2A)"?6=c; 4+ 0o(1) as A — oo, (1.17)

where the constant c; is given in (3.16) below.

The result in (1.14) says that, as the penalty for estimation error tends to infinity,
the stopping rule defined in (1.12) is asymptotically efficient while (1.15) says that
the associated sequential procedure is asymptotically risk efficient. Result in (1.16) de-
scribes the limiting distribution of 74 while (1.17) explicitly evaluates the second-order
behavior of ET, with ny(4) as its leading term. Proof of Theorem 1 along with some
rate of convergence results which are of independent interest are given in Section 2.
Theorem 2 is proved in Section 3 using nonlinear renewal theory developed by Lai
and Siegmund (1977,1979) and Hagwood and Woodroofe (1982).

2. Basic convergence results

A central result of the paper is Proposition 2.1 where a crucial rate of convergence for
the lower-tail probability of the sequences {n~! E?Zl)(ijle;nZ 1} is obtained. This is
then used to establish the uniform integrability of {Q,;n>1} defined in (1.7). The for-
mer result is derived as a consequence of a general result proved in Lemma 2.2 which
obtains a rate of convergence for the lower-tail probability of average of bounded, ge-
ometrically f-mixing, stationary r.v.’s. In addition, we also obtain rate of convergence
of tail behavior of 7. All these results are then used to prove Theorem 1. First we
note the following: For 6‘3 defined in (1.11)

6i:n_1§n:8f—n_lQn, (2.1)
i=1
where Q, is as defined in (1.7). Consequently,
max{Q,,né>} < Z e2. (2.2)
i=1
Throughout this paper %, = o{Xy,é1,...,¢,} and || - ||, denotes the L,-norm. The

following lemma gives a rate of convergence of the L, norm of numerator r.v.’s in
(1.3) and (1.4).
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Lemma 2.1. If E|¢1|? < oo for p=2, then for 0 <u<v < oo, the following results
hold:

max
[un] <I<[vn]

=0(1) asn— oo, (2.3)

P

i
171/2 Z )(,‘:Elsi
i=1

where X denotes either X;* or X;~, and the sequence

{n—l/ZZ)(iilsi;n2l} (2.4)

i=1

is uniformly continuous in probability (u.c.i.p.) and stochastically bounded.

Proof. Under the assumptions in (1.1) it is easily checked that {Z?:l)(iflsl-,n>l}
is a martingale sequence with respect to %, defined above. Now, as in the proof of
Lemma 1 of Lee (1994), use the Doob’s maximal inequality, the Burkholder’s in-
equality (see, Chow and Teicher, 1978, Theorem 11.2.1), the moment inequality (with
p=2), and the stationarity of {X;} to get the result in (2.3).

The stochastic boundedness of {n~ 23"  X* &;n>1} follows from (2.3). The
wc.ip. of {n7Y23"  XF e;n>1} can be proved using arguments in Sriram (1988)
or Lee (1994). [

Proposition 2.1. For every 0 < < E(XOjE )2, there is a A € (0,1) such that
P {nl Z lezl < 5} = O(ns/ziﬁ) as n — oo. (2.5)
i=1

Moreover, if in addition, E|e|* < co for some s>1, then for all 0 < u<v < oo

supE max Q] < oo (2.6)

n>1 lun]<I<[n]
and, consequently, for all g <s
{0%;n=2} is uniformly integrable. 2.7)

In particular, EQ, — 20¢* as n — oo, and hence (1.8) holds.

The following lemma concerns the rate of decay of lower-tail probability of average
of bounded, geometrically f-mixing, stationary r.v.’s. This lemma will be used to prove
Proposition 2.1. For a comprehensive study of mixing theory see Doukhan (1994).

Lemma 2.2. Let {Y;;i>0} be a stationary process and 4; = a(Yy,...,Y;), j=0, be
a nondecreasing sequence of a-fields. Assume further that 0<Y; <1 for all i=0, and
that the process {Y;} is geometrically [-mixing, that is,

B.=E||swp sup [P(V|%,) —P(V)|

k>0 ved;,

oo

=0(p") asn— oo, (2.8)
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where 47 =0(Y}, Yj11,...), for a random variable Y, ||Y||oc=ess sup |Y| and p € (0,1)
is some real number. Then for every a € (0,EY)), there is a A € (0,1) such that

P <Z Y < na) = O(ns/zi\/;) as n — oo. (2.9)
i=1

Proof. Define a sequence {Y,;} of r.v.’s by

n2

Yoi=>_ [ = DU Gtyw <vi<jim) (2.10)
j=1
for i>=1. Let b be a number such that a < b < EY; and N be a positive integer such
that @ < b < EY, <EY, for all n=N. Let m=m(n)=[/n]. It is then possible to find
/[(=1) and r=0,...,m — 1 such that n = Im + r. For simplicity, take / =2k for k>1
and r =0, that is, n = 2km. Now, define r.v.’s {Z;; 1 <i<n} and {Z/,1<i<n} such
that

m 2m
2 : / 2 :
Zl = Yn,i, Z] = Yn,i
i=1 i=m+1
3m 4m
!
VARS E Yoiy Z5= E Yo
i=2m+1 i=3m+1
2k—1)m 2km
2 : / 2 :
Zk = Yn,ia Zk = Yn,i-
i=2(k—1)m+1 i=(2k—1)m+1

Then, since |Y; — Y,;|<1/n?, for large n we can choose @’ € (a,b) such that

n n
P{ZYi < na} < P{Z Yo < na'}
=1 =1
k k
<P {Zm_lZ,« < ka’} +P {Zm—lz; < ka'}

i=1 i=1
=1 +1I (2.11)
We will now show that 7 = O(n%22V") as n — cc. To this end, let G1 =G,,,..., G =
Yok 1ym- Then, for each j, m~'Z; is ¥; measurable and 0<m~'Z; <1. Furthermore,
for each j,
E|\Em™'Z|%,_1) — E(m™'Z))|

m

<m”! Z E|E(Yn, 2(j—1ym+o|G12—1)—11m) — E¥n, 20— Vym+]

v=1

=0(n*p™) (2.12)



S. Lee, T.N. Sriram| Stochastic Processes and their Applications 84 (1999) 343-355 349

by (2.10) and (2.8). Since EY,; — EY; as n — oo and EY; > b, for large n it is
possible to choose dy > 0 such that EY,; — do > b. For this dy, define the set

S={Em™'Z]|%;,_1) —Em™'Z;)| <&y forj=1,....k}.

Note that, on S

k k k
S EmT'ZiG ) =Y E(mT'Z)+ > [E(m™'Z|9; 1) — E(m™'Z))]

j=1 J=1 J=1
= k(EYn,l — o) > kb.
Now apply a Theorem of Freedman (1973) (see (4a) and Note) to get

k
PS> m'Z <kd.S
Jj=1

k k
<P m™'Zy<kd,> E(m™'Zi|9; 1) > kb
Jj=1 j=1

<o KO=d V12 _ gV (2.13)

for some d > 0 where we used the fact that k = n/(2m) and m = [/n]. On the other
hand, by the Markov inequality and (2.12)

k
P(5) <8, > O*p™)
j=1

= 0?2V, (2.14)

since £k = O(y/n) and 1 is some number in (0,1). Applying (2.13) and (2.14) to 7 in
(2.11) we get that 7 = O(n*2/¥V"). Similar arguments as above yield II = O(n%2JV").
Hence the lemma is established. [

Proof of Proposition 2.1. Let § be as in the proposition. Define X i+2 =X (X2 <k}

for each i>0 and K >1. Choose K large enough and fix it so that ¢, = E)?gz > 0.
Then, clearly

n—1 n—1 n—1
P (Z)(i“ < 5n> <P (Z X7 < 51n) <P (Z Y, < 5’n> :

i=0 i=0 i=0

where Y; :K_l)?jz and & = K~'6;. Then 0<Y;<1 for i>0. Furthermore, by the
assumptions made in Section 1 and results from Doukhan (1994, see (2.4.1) and (2.4.3)
on pp. 88 and 89) we have that condition (2.8) of Lemma 2.2 is satisfied by {K‘l)?jz}.
Hence, the required result in (2.5) follows from (2.9) of Lemma 2.2. The result for

{X,~7} in (2.5) follows similarly.
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As for (2.6), first note from (1.7), (1.3) and (1.4) that
! !
=Y X0 =07+ X300 — 027
i=1 i=1
=0V + 0. (2.15)

We will first consider the term Qf,l) in (2.15). For a 5>0 (to be chosen later) write

(1 _ (1) (1)
OO iy YO ey

/ 2
(%) sy +5 (B0 )

where we used (2.2) in the first term. By (2.3) we have that
B (ZX 61/\[> < 0. (2.16)

By the Cauchy—Schwarz inequality and the Minkowski inequality

E[un@%m (Z&> {3 x2 <o}

vn) §
= (ZS ) TS, <ton)

[un]
<O(n*)|[¢3][3, P {ZX,*% < 6Bo[un]}

i=1
=o(l) asn— oo, (2.17)

where we let By = [vn]/[un](=0(1)), choose 5 such that 4B, € (O,EXOH) and used
(2.5). Hence it follows from (2.16) and (2.17) that sup, - | £ maXpu)<i<fom] Q%l)s < o0.
Similarly, it can be shown that sup, . | £ max(u)</ <o Q;z)s < oo for ng) defined in
(2.15). Hence assertion (2.6) and the proposition are established. [J

Lemma 2.3. If E|e;|* < oo for s=1 and ny = O(A"?), then for T4 defined in (1.12)
and ny(A) defined in (1.9)

{|Tu/no(A)|"; A= 1} is w.i. (2.18)

Proof. Define

T, =inf {n>nA: n=(24)"? <n—' Zg) } ,
i=1

Then by Lemma 2 of Chow and Yu (1981), {|74/no(4)[*;A>1} is u.i. However, by
(2.2) we have that T, <7 and hence the required result is obtained. [
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The next lemma gives the rate of convergence of the upper- and lower-tail probability
of T,. The proof of it is omitted as it is exactly same as that of Lemma 7 of Lee
(1994) [also, see Lemma 4 of Sriram (1988)].

Lemma 2.4. If E|e||* < oo for s=1 and ng=A"?0%" for some n > 0. Then for
0<op<l1

P{T; < (1 —¢)24)*c} = 04— 1/21+m) (2.19)
and

P{T; > [(1+ ¢)24)"*c] 4+ 1} = o(4~~1/2) (2.20)
as A — oo.

Proof of Theorem 1. Since o% — 0% a.s. as n — oo (see Petruccelli and Woolford,

1984, for instance) the result in (1.13) follows from the definition of 7, in (1.12).
This together with Lemma 2.3 yields (1.14).
For (1.15), write using the notations in (1.7),(1.5) and (1.10) that

R4/R,, ~ {AET['Or, + ET4}/[2(24)" ).
By (1.14) it suffices to show that
(24)'26ET ' Or, — 257 (2.21)

Let C ={[(1 — ¢)no(A)]<T4<[(1 + P)no(4)] + 1} for ¢ € (0,1). By the Cauchy—
Schwarz inequality, (2.6), and (2.19) and letting n;(A4) = [(1 — ¢)no(4)] we have

QA)2ET; ' Or A1 <mayy < QA 0|| T Or i, <1 <mny |2

x PYV2(T, <my(A))

o 12
< @025 sup|[0 12 (Z n—2> PY(T <m(4))

n=ny

—0 as 4 — oo. (2.22)

Similar arguments using (2.20) yields (24)'26ET; ' Or, Iirmyy — 0 as 4 — oo
where ny(4) = [(1 + ¢p)ng(4)] + 1. Also, by (2.4), the fact that n=' 37 X2 —
EXZ a.s., and repeated application of Lemma 1.4 of Woodroofe (1982) it follows that
{Qn;n=1} is u.c.i.p. Therefore, from (1.6), (1.13) and the Anscombe’s theorem it
follows that

4)" 26T 0 1c 2 63 as n — oo (2.23)
Moreover, by (2.6) we have for any f§ > 1
E[2A)' 6T ' 07,11 < [m(A)] 7P (24)26PE p
[24) 70T, Or,Ic]” < [m(A)] "(24)" 0 m(A)erﬁnz(A)Q"

= o(1).
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Therefore, {(24)"?6T; 'Qr,Ic;A>1} is u.i. and hence
(24)'26ET; ' Qr,dc — 20° as 4 — . (2.24)

The result in (2.21) now follows from (2.22) to (2.24). Hence the theorem is estab-
lished. [

3. Asymptotic distribution and second-order expansion

In this section we prove Theorem 2 stated in Section 1 using results from non-
linear renewal theory developed by Lai and Siegmund (1977,1979) and Hagwood and
Woodroofe (1982). The reader is referred to Woodroofe (1982) for thorough exposition
of the theory.

First, rewrite the stopping rule defined in (1.12) as

Ty =inf{n>=ny: n(c/é,)=>(24)"%c}
=inf{n>=ny S, + & =>(24)"c}, (3.1)

where
n

Si=>_[1—(1/2)&/e" = 1)]

i=1

and
&= (1/2)0u/0% + (3/8)2, **n(63/0” — 1), (3.2)

where 2, is a random variable such that |4, — 1| < |62/a® — 1|. The last equality
in (3.1) is obtained by expanding (az/éi)l/z around 1 using Taylor’s theorem and
substituting the identity for 6'% in (2.1). Clearly, S, defined in (3.2) is a sum of i.i.d.
random variables with mean 1 and the sequence {&,,n>1} can be shown to be slowly
changing (see, Woodroofe, 1982, for a definition). In fact, using arguments similar to
those in Section 3 of Sriram (1988) it is possible to show that the two terms in ¢,
denoted by

L' =(1/2)0,/0* and L2 = (3/8)A > ?n(6%/a®> — 1) (3.3)

slowly change sequences as well. With these observations we proceed to prove
Theorem 2.

Proof of Theorem 2. In view of the discussions above the asymptotic normality of
the standardized stopping rule in (1.16) would follow from Lemma 4.2 of Woodroofe
(1982) provided we show that &,/v/n — 0 in probability. From (3.2), (3.3), (2.1),
(1.6) and the strong consistency of (ﬁ defined in (1.11) we have that &,/y/n — 0 in
probability. Hence the assertion in (1.16) is obtained.

As for the second-order expansion for the expected value of 7, defined in (1.12)
we will use a slightly general version of Theorem 4.5 of Woodroofe (1982) given in
Sriram (1988); see Lemma 7. In Lemma 7 of Sriram (1988), set 4,, /, and pu to be
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Q,0 and 1. Also let &, = ¢, defined in (3.2) with L} and L2 as defined in (3.3). Then,
by (1.6)

Li2MA =1, sayasn— oo, (3.4)
and by (2.1), CLT, the fact that O,/\/n — 0 in probability and 4, — 1 in probability
we have that

L2 — (3/8)y Var(el/a®) =Ly, say as n — oc. 3.5)

Therefore, conditions (3.7)—(3.9) of Lemma 7 of Sriram (1988) are satisfied.
As for the verification of (3.10) of Lemma 7 of Sriram (1988), for the set C defined
in the proof of Theorem 1 above, it readily follows from (2.6) of Proposition 2.1 that

{ max L}IC;AZI} is u.i. (3.6)
HI(A)<I<VI2(A)
Also,
I[A-<(3/8 27216316 — 1), 3.7
oy kale 3/ )m(A)rggnz(A) ; (61 /o )1, (3.7)
where, by the definition of 4; in (3.2),
AP0 <1 21622 . 3.8
D h oS max (06 e (3-8)

Let d,:lé? for /=1 where 6, is defined in (1.11). Then, since OALn and 02’,4 in (1.3)
and (1.4) are least-squares estimators, we have that d; <d;, for />1. Therefore,

(02167 1c < O()[(n1(A) — 1)6?/d )11 Ic

n](A)Slgnz(A)

= 0O(1), (3.9)
since the definition of 7, implies that
Cc{[m(4) — 1] < 24)"*6,,uy1} =G (3.10)
and on G
{Im(A) = 11o* 1} I6 < {QA)'2/Im(4) = 11} g
=0(1), (3.11)
where the fact used is that n,(4) = O(4'?). From (3.8) to (3.11) we have that
m(A)rg?gnz(A)L?lc <O(1)HI(A)I£I?2HZ(A) 1(67/a% — 1)%1c. (3.12)

From Doob’s maximal inequality (see Chow and Teicher, 1978, Corollary 10.3.2) it
can be shown that

2 . .
! A 3.13
n1(A)<l<nz(A) [Z(S o’ ) is ui (3.13)

Also,

E max I7'0? < [m(A)]'E max 2
ni1(4)<I<m(A) Or < [m(A)] nl(A)<l<)12(A)Ql

-0, (3.14)



354 S. Lee, T.N. Sriram| Stochastic Processes and their Applications 84 (1999) 343-355

by (2.6). Hence, it follows from (3.13), (3.14), (2.1) and (3.12) that

{ max L%IC;AZI} is u.i. (3.15)

n(A)<I<my(A)

The verification of condition (3.10) of Sriram (1988) now follows from (3.6) and
(3.15). Condition (3.11) of Sriram (1988) is trivially satisfied and condition (3.12)
follows from (2.19). Therefore, by the conclusion of Lemma 7 of Sriram (1988), (3.4)
and (3.5) we have that

ETy=Q4)"?c 4+ p — 1 — (3/8)Var(}/a*) + o(1) (3.16)

as A — oo, where p :ESIZO/ZESTO for S, defined in (3.2) and 1o = inf{n>=ny4: S, >0}.
Hence the conclusion in (1.17) and the theorem are established. [

Acknowledgements

We would like to thank the two referees for their constructive comments and
suggestions which improved the presentation of the paper.

References

Chan, K.S., Petruccelli, J.D., Tong, H., Woolford, S.W., 1985. A multiple threshold AR(1) model. J. Appl.
Probab. 22, 267-279.

Chow, Y.S., Teicher, H., 1978. Probability theory: Independence, Interchangeability, Martingales. Springer,
New York.

Chow, Y.S., Yu, K.F., 1981. The performance of a sequential procedure for the estimation of the mean.
Ann. Statist. 9, 184-189.

Doukhan, P., 1994. Mixing Properties and Examples. Lecture notes in Statistics. Springer, New York.

Fakhre-Zakeri, 1., Lee, S., 1992. Sequential estimation of the mean of a linear process. Sequential Anal. 11,
181-197.

Fakhre-Zakeri, 1., Lee, S., 1993. Sequential estimation of the mean vector of a multivariate linear process.
J. Multivariate Anal. 47, 196-209.

Freedman, D., 1973. Another note on the Borel-Cantelli lemma and the strong law, with the Poisson
approximation as a by product. Ann. Probab. 1, 910-925.

Ghosh, M., Mukhopadhyay, N., Sen, P.K., 1997. Sequential Estimation. Wiley, New York.

Hagwood, C., Woodroofe, M., 1982. On the expansion for expected sample size in non-linear renewal theory.
Ann. Probab. 10, 844-848.

Lai, T.L., Siegmund, D., 1977. A non-linear renewal theory with applications to sequential analysis. I. Ann.
Statist. 5, 946-954.

Lai, T.L., Siegmund, D., 1979. A non-linear renewal theory with applications to sequential analysis. II. Ann.
Statist. 7, 60-76.

Lee, S., 1994. Sequential estimation for the parameters of a stationary autoregressive model. Sequential Anal.
13, 301-317.

Lee, S., 1996. Sequential estimation for the autocorrelations of linear processes. Ann. Statist. 24, 2233-2249.

Martinsek, A.T., 1983. Second order approximation to the risk of a sequential procedure. Ann. Statist. 11,
827-836.

Petruccelli, J.D., Woolford, S.W., 1984. A threshold AR(1) model. J. Appl. Probab. 21, 207-286.

Robbins, H.E., 1959. Sequential estimation of the mean of a normal population. In: U. Grenander (Ed.),
Probability and Statistics. Wiley, New York, pp. 235-245.

Sriram, T.N., 1987. Sequential estimation of the mean of a first order stationary autoregressive process. Ann.
Statist. 15, 1079-1090.

Sriram, T.N., 1988. Sequential estimation of the autoregressive parameter in a first order autoregressive
process. Sequential Anal. 7, 53-74.



S. Lee, T.N. Sriram| Stochastic Processes and their Applications 84 (1999) 343-355 355

Sriram, T.N., 1998. Fixed size confidence regions for parameters of threshold AR(1) models. Submitted for
publication.

Sriram, T.N., Basawa, 1.V., Huggins, RM., 1991. Sequential estimation for branching processes with
immigration. Ann. Statist. 19, 2232-2243.

Tong, H., 1978a. On a threshold model. In: C.H. Chen (Ed.), Pattern Recognition and Signal Processing.
Sijthoff and Noordhoff, Amsterdam.

Tong, H., 1978b. Threshold autoregression, limit cycles and cyclical data. Tech. Rep. No. 101, Dept. Math.
Stat., UMIST.

Tong, H., 1983. Threshold Models in Non-linear Time Series Analysis, Lecture Notes in Statistics, Vol. 21,
Springer, Berlin.

Tong, H., 1990. Nonlinear Time Series. Oxford University Press, Oxford.

Tong, H., Lim, K.S., 1980. Threshold autoregression, limit cycles and cyclical data (with Discussion). J. R.
Stat. Soc. B 42, 245-292.

Woodroofe, M., 1982. Nonlinear Renewal Theory in Sequential Analysis. SIAM, Philadelphia.



